In this paper we consider the Einstein-Maxwell theory and define a combined transformation composed of diffeomorphism and U (1) gauge transformation. For generality, we assume that the generator χ of such transformation is field dependent. We define the extended off-shell ADT current and then off-shell ADT charge such that they are conserved off-shell for asymptotically field dependent symmetry generator χ. Consequently, we define conserved charge corresponds to asymptotically field dependent symmetry generator χ. We apply the presented method to find conserved charges of asymptotically AdS 3 spacetimes in the context of the Einstein-Maxwell theory in three dimensions.
Introduction
The concept of conserved charges is a very important matter in gravity theories as well as in other physical theories. As is well known, the concept of conserved charges of gravity theories is related to the concept of the Noether charges corresponding to the Killing vectors which are admitted by solutions of a theory. A method to calculate the energy of asymptotically AdS solution was given by Abbott and Deser [1] . Deser and Tekin have extended this approach to the calculation of the energy of asymptotically dS or AdS solutions in higher curvature gravity models [2] . The authors of [3] have obtained the quasi-local conserved charges for black holes in any diffeomorphically invariant theory of gravity. By considering an appropriate variation of the metric, they have established a one-to-one correspondence between the ADT approach and the linear Noether expressions. They have extended this work to a theory of gravity containing a gravitational Chern-Simons term in [4] . In this paper we will go to obtain the quasi-local conserved charges of the Einstein-Maxwell theory. Recently the authors of [5] have studied the asymptotic structures of AdS spacetimes of the Einstein-Maxwell theory in 3 dimensions. Asymptotic symmetry was applied with success some time ago to asymptotically 3D anti-de Sitter (AdS 3 ) spacetimes, to show that the asymptotic symmetry group (ASG) of AdS 3 is the conformal group in two dimensions [6] . This fact represents the first evidence of the existence of an anti-de Sitter/conformal field theory (AdS/CFT) correspondence and was later used by Strominger to explain the Bekenstein-Hawking entropy of the BTZ black hole in terms of the degeneracy of states of the boundary CFT generated by the asymptotic metric deformations [7] . In order to determine the ASG one has first to fix boundary conditions for the fields at r = ∞ then to find the Killing vectors leaving these boundary conditions invariant. The boundary conditions must be relaxed enough to allow for the action of the conformal group and for the right boundary deformations, but tight enough to keep finite the charges associated with the ASG generators, which are given by boundary terms of the action. The authors of [5] have shown that, for a generic choice of boundary conditions, the asymptotic symmetries of the Einstein-Maxwell theory in 3 dimension are broken down to R ⊗ U (1) ⊗ U (1). Here we define a combined transformation composed of diffeomorphism and U (1) gauge transformation and assume that the generator χ of such transformation is field dependent. Then we define the extended off-shell ADT current which is conserved off-shell for asymptotically field dependent symmetry generator χ. Using this definition we obtain the extended off-shell ADT charge. By integrating from the extended off-shell ADT charge over a spacelike codimension two surface, we obtain conserved charge perturbation corresponds to asymptotically field dependent symmetry generator χ. Then as an example we apply our method to find conserved charges of asymptotically AdS 3 spacetimes in the context of the Einstein-Maxwell theory in 3 dimensions. Our results for conserved charge corresponds to pure U (1) gauge symmetry and conserved charge corresponds to asymptotically Killing vector ξ, are consistent with the results of [5] , where the authors used the ADM formalism to find correspond results.
2 Quasi-local conserved charges in the EinsteinMaxwell theory
Quasi-Local method for finding conserved charges in covariant theory of gravity have presented in the paper [3] , where the conserved charges correspond to Killing vectors admitted by spacetime everywhere. This approach have generalized so that it contains asymptotically Killing vectors as well as Killing vectors admitted by spacetime everywhere [8] . Also, the method presented in [3] , which is valid for covariant theory of gravity, have been ex-tended to the covariant theory of gravity coupled to matter fields [9] . Here we want to extend the method presented in [9] such that it becomes suitable to calculate the conserved charges, in the context of the Einstein-Maxwell theory, correspond to field dependent (asymptotically) Killing vector fields as well as field independent one. The Lagrangian density of the Einstein-Maxwell theory is a functional of metric g µν and the gauge field A µ ,
where
here R, F µν = ∂ µ A ν − ∂ ν A µ , Λ are respectively the Ricci scalar, field strength, the cosmological constant and κ = 8πG. In this theory a U (1) gauge field A µ is minimally coupled to gravity and we can write the La-
The variation of Lagrangian (1) with respect to g µν and A µ is
where Φ = {g µν , A µ }. In the equation (3), E µν (g) = E µ (A) = 0 are the equations of motion and Θ µ (Φ, δΦ) is just surface term, which are given as
Equation (4) is well-known as the Einstein field equation and in this equation, G µν is the Einstein tensor and T µν is electromagnetic energy-momentum tensor
also, equations (5) and
are Maxwell field equations in the curved spacetime. By using Bianchi identity, ∇ µ G µν = 0 and Eq. (9), one can easily find that
It is clear that the right hand side of the equation (10) vanishes on-shell, but here we are interested to work off-shell. We consider a combined transformation of diffeomorphism and U (1) gauge transformation and we assume that χ = (ξ, λ) is the generator of such transformations, where ξ = ξ µ (x)∂ µ is a vector field and λ = λ(x) is a scalar field. The metric and the U (1) gauge field under transformation generated by χ transform as
where £ ξ denotes the Lie derivative along the vector field ξ. Here we use a modified Lie derivative for U (1) gauge field which is introduced as (see for instance [9] )
this definition ensures that the change of A µ under diffeomorphism is gauge invariant. It is clear that under transformation generated by χ the Lagrangian (1) transforms as
Now, we suppose that the variation in Eq. (3) is generated by χ
By substituting equations (11), (12) and (14) into the Eq. (15), we have
On the one hand, by using equations (10) and (13), one can easily find that
and on the other hand, because ∇ µ ∇ ν F µν = 0, we have
therefore, the equation (16) can be written as
It is clear that J µ (Φ, χ) is an off-shell current density for any vector field ξ and for any U (1) symmetry generator λ. By virtue of Poincare lemma, one can write J µ = ∂ ν K νµ . By substituting Eq. (2), Eq. (4), Eq. (5) and Eq. (6) into the Eq.(20) one can find the following expression for K µν ,
To keep the generality of discussion, we assume that ξ and λ are functions of dynamical fields andδ denotes variation with respect to dynamical fields. The variation of the surface term (6) due to λ is
Since the variation of the surface term (6) due to χ is
By varying Eq.(20) with respect to dynamical fields and using Eq.(24), we have
where J µ ADT (g) (Φ,δΦ; ξ) and J µ ADT (A) (Φ,δΦ; ξ) are the contributions from the metric and the gauge field in the off-shell ADT current correspond to diffeomorphism part [3, 9] , and they are given by
and
respectively. It is sensible definition of J µ ADT (A; λ) as the contribution from the gauge field in the off-shell ADT current corresponds to U (1) transformation part
Therefore, the off-shell ADT current corresponds to χ can be defined as
The off-shell ADT current J µ ADT (Φ,δΦ; χ) is conserved off-shell for arbitrary field dependent Killing vector field which is admitted by the spacetime everywhere and for field dependent U (1) symmetry generator. Also, the symplectic current define as an antisymmetric bilinear map on perturbations [10] 
The above expression for symplectic current reduces to the Lee-Wald one [11, 12, 13, 14] , namely ω
when two variations δ 1 and δ 2 are commute, i.e. [δ 1 , δ 2 ]Φ = 0. The symplectic current (30) is conserved on-shell and it gives us conserved charges correspond to asymptotically field dependent Killing vectors and for asymptotically field dependent U (1) symmetry generator. It should be noted that for the case in which χ is field dependent we have [δ, δ χ ] = δδ χ , then Eq.(30) becomes
It is easy to see that Eq.(31) reduces to the Lee-Wald symplectic current when χ is field independent, i.e.δχ = 0. In the paper [8] , the authors have generalized off-shell ADT current in a generally covariant theory of gravity such that the Generalized ADT current,
is conserved off-shell for asymptotically field independent Killing vector fields as well as field independent Killing vector fields admitted by spacetime everywhere. For the case in which ξ depends on dynamical fields, it seems to be sensible replacing δ and the Lee-Wald symplectic current byδ and ω µ (g;δg, δ ξ g) in Eq.(32), respectively [15] . Similarly, in the Einstein-Maxwell theory, we can define the extended offshell ADT current as
It is clear that the extended off-shell ADT current J µ ADT is conserved off-shell for asymptotically symmetry generator χ. By using Eq.(33), the equation (25) can be written as
where Q µν ADT (Φ,δΦ; χ) is defined as the extended off-shell ADT charge corresponds to asymptotically symmetry generator χ and it is given by
δΦ). (35)
By defining K µν = √ −gK µν and Θ µ = √ −gΘ µ , the equation (35) becomes
By substituting Eq. (6) and Eq. (21) into Eq.(36), we have
is the contribution from gravity part and
is the contribution from U (1) gauge field part. In equations (38) and (39), we have used the definition h µν =δg µν . Now, we can define the perturbation of conserved charge by integrating from the extended off-shell ADT charge over a spacelike codimension two surfacê
and c is just a universal constant. The charge defined by Eq.(37) is conserved off-shell for asymptotically field dependent symmetry generator χ.
where f ±± , f +− , f rr , q ± and ϕ ± are arbitrary functions of the null coordinates x ± . The variation generated by the following symmetry generator χ preserves the fall-off conditions (42) and (43)
where T ± = T ± (x ± ) and λ 0 = λ 0 (x + , x − ) are arbitrary functions. It is clear that, in this case, χ is independent of the dynamical fields.
Conserved charges
Now, we simplify the perturbation of conserved charge (40) in the considered coordinates system. Since we consider the Einstein-Maxwell theory in 3 dimensions then Eq.(40) can be written aŝ
where we set c = −κ −1 . We take codimension two surface Σ to be a circle with a radius of infinity so the Eq.(45) becomeŝ
Hence, only two components of the off-shell ADT charge is important, i.e. we need to have Q 
By substituting Eq. (47) and (48) into Eq.(46), we find that
The last term in Eq.(49) is non-integrable part of conserved charge perturbation corresponds to symmetry generator χ. Due to the presence of logarithmic terms, if one consider just diffeomorphism, i.e. one set λ to be zero, the expression for conserved charge perturbation (corresponds to asymptotically Killing vector ξ) diverges at spatial infinity. To avoid this problem, we must consider both ξ and λ = λ ξ together. Hence, we have to fix U (1) gauge such that in Eq.(49) the logarithmic terms to be removed. So we set λ ξ as follows: 
Also, form (49), one can easily see that the conserved charge corresponds to pure U (1) gauge symmetry is
In the next subsection, we will consider the field equations and integrability condition.
On-shell case and integrability condition
By substituting Eq.(42) and Eq.(43) into the field equations (4) and (5), we have
It is clear that, at spatial infinity, these field equations satisfy when
If one assumes that ϕ ± are functions of q + and q − then the integrability condition,δ [1δ2] Q(ξ) = 0, leads to [5] 
where V = V(q + , q − ). By substituting Eq.(54) and Eq.(55) into Eq.(51), we find the following expression for the conserved charge corresponds to the asymptotically Killing vector ξ
(57) The results obtained in this section, conserved charge (52) corresponds to pure U (1) gauge symmetry and conserved charge (56) corresponds to asymptotically Killing vector ξ, are consistent with the results of [5] .
Conclusion
In this paper we have considered the Einstein-Maxwell theory which is described by the Lagrangian (1). We have defined a combined transformation made up of diffeomorphism and U (1) gauge transformation. We have denoted the generator of such transformations by χ = (ξ, λ), where ξ is diffeomorphism generator vector field and λ is the generator of U (1) gauge transformations. The metric and the U (1) gauge field under transformation generated by χ transform as (11) and (12) . To have a general discussion, we have assumed that χ is field dependent. We have defined the extended offshell ADT current (33) which is conserved off-shell for asymptotically field dependent symmetry generator χ. We have used the extended off-shell current (33) to define the extended off-shell ADT charge (37). Consequently, by integrating from the extended off-shell ADT charge over a spacelike codimension two surface, we have defined conserved charge perturbation (40) corresponds to asymptotically field dependent symmetry generator χ. In sec. 3, we have considered the Einstein-Maxwell theory in three dimensions. Fall-off conditions for asymptotically AdS 3 spacetimes are given by equations (42) and (43). The considered fall-off conditions preserve by transformations that their generators are given by Eq.(44). We have found the conserved charge perturbation (49) of spacetimes, which obey the fall-off condition Eq. (42), corresponds to symmetry generator χ. It is clear that the obtained conserved charge perturbation (49) is not integrable. The conserved charge perturbation corresponds to asymptotically Killing vector ξ (λ 0 = 0) diverges at spatial infinity. To avoid this problem, we have considered both ξ and λ = λ ξ together. By gauge fixing as λ ξ = ξ ν A ν the conserved charge perturbation (49) becomes finite at spatial infinity (see Eq. (51)). Also, we have obtained the conserved charge (52) corresponds to U (1) gauge symmetry. One can solve the field equations (53) asymptotically when the Eq.(54) satisfies. We have assumed that ϕ ± = ϕ ± (q + , q − ) and used the integrability condition to simplify the experssion (51) then we have found the expression (56) for conserved charge corresponds to the asymptotically Killing vector ξ. The results obtained by using quasi-local method presented in this paper (conserved charge (52) corresponds to pure U (1) gauge symmetry and conserved charge (56) corresponds to asymptotically Killing vector ξ) are consistent with the results of [5] , where the authors used the ADM formalism to find correspond results.
